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Abstract 
 
For the analysis of material nonlinearity, an effective shear modulus approach based on the strain 
control method is proposed in this paper by using point collocation method. Hencky’s total 
deformation theory is used to evaluate the effective shear modulus, Young’s modulus and 
Poisson’s ratio, which are treated as spatial field variables. These effective properties are 
obtained by the strain controlled projection method in an iterative manner. To evaluate the 
second order derivatives of shape function at the field point, the radial basis function (RBF) in 
the local support domain is used. Several numerical examples are presented to demonstrate the 
efficiency and accuracy of the proposed method and comparisons have been made with 
analytical solutions and the finite element method (ABAQUS).  
 
Key words: Effective shear modulus, material nonlinearity, elastoplasticity, point collocation method, radial basis 
function 
 
 
1. Introduction 
The theories of elasticity and plasticity describe the mechanics of deformation of most 
engineering solids. Both theories are based on experimental studies of the relations between 
stress and strain under simple loading conditions. For elasto-plasticity, two classical theories 
available are normally referred to as Prandtl-Reuss incremental (or flow) theory and Hencky-
Ilyushin total strain (or deformation) theory. Over the years, finite element method (FEM) has 
been successfully employed in analysing the material nonlinearities in elasto-plastic range. Owen 
and Hinton [1] provided the computer implementation of elasto-plastic problems by the finite 
element method and computational source code for the incremental theory. Boundary element 
method has been applied to elasto-plasticity since as early as 1973 [2]. After that, several 
*Manuscript
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discretisation, mathematical and implementation procedures have matured [3, 4, 5, 6], including 
the explicit and implicit solution algorithms, fracture mechanics and contact problems.  
Mesh reduction methods with several high accurate interpolation techniques for solving 
differential equations have become a promising alternative to the finite element and boundary 
element methods. Nowadays, numerical solutions of partial differential equations are usually 
obtained by the use of the finite difference method, finite element method and boundary element 
method. Meshless approximations have received much interest since Nayroles et al [7]
 
proposed 
the diffuse element method. Later, Belyschko et al [8] and Liu et al [9] proposed the element-free 
Galerkin method and the reproducing kernel particle method respectively. One key feature of 
these methods is that they do not require a structured grid and are hence meshless. Recently, 
Atluri and his colleagues presented a family of Meshless methods, based on the local weak 
Petrov-Galerkin formulation (MLPGs) for arbitrary partial differential equations [10, 11] with 
Moving Least-Square (MLS) approximation. MLPG is reported to provide a rational basis for 
constructing meshless methods with a greater degree of flexibility. Local Boundary Integral 
Equation method (LBIE) with MLS and polynomial radial function has been developed by 
Sladek et al [12, 13] for the boundary value problems in anisotropic non-homogeneous media. A 
local radial point interpolation method (LRPIM) was presented to deal with boundary-value 
problems for free vibration analyses of two-dimensional solids and a point interpolation method 
(PIM) was presented for stress analysis for two-dimensional solids by by Liu and Gu [14, 15]. 
General review for the meshless method can be found in [16] by Gu. An improved accurate 
approach for higher order derivatives of shape functions either by moving-least square method or 
radial basis function method were presented by Wen and Aliabadi [17]. Wen and Hon [18] 
extended the meshless point collocation method to the large deformation nonlinear problems for 
plate bending.  
The numerical study of material nonlinearity using pseudo-plastic finite element method can 
be found in [19] by Desikan and Sethuraman. In their study, Hencky’s deformation theory was 
used and strain controlled projection method was proposed. Following this procedure, Gu et al 
[20] used the local radial point interpolation method for solving elasto-plastic two dimensional 
problems. Song et al [21] applied the moving least square method to elasto-plastic anaylysis with 
collocation method with flow theory. For the continuum damage mechanics for woven fabric 
composite, the meshfree Galerkin method to obtain the relationship between stress and strain in a 
three dimensional representative volume cell was presented by Wen and Aliabadi [22]. In the 
present paper, the authors have extended the point collocation method to two-dimensional 
pseudo-plasticity. Considering only points instead of elements as in the conventional FEM or 
BEM, the meshless approaches have certain advantages. The elastic-plastic boundary does not 
occur in the analysis since the effective material properties are treated as continuous functions of 
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the field. Linear elastic analysis by meshless method is carried out for solving elasto-plastic 
problems based on Hencky’s total deformation theory. The projection method proposed by 
Desikan and Sethuraman [19] is introduced in each iteration step. However, the effective shear 
modulus is considered in this paper. Three examples including two-dimensional solid and plate 
bending problems are presented and comparisons are made to show the accuracy of the proposed 
method with analytical solution and the finite element method.  
2. Interpolation with radial basis function 
Consider a local domain sW¶ as shown in Figure 1, which is the neighbourhood of a point x 
( { }21, xx= ) and is considered as the domain of definition of the RBF approximation for the trail 
function at x and is also called the support domain to an arbitrary point x. Generally, the support 
domain is chosen as a circle centred at x. To interpolate the distribution of function w in the local 
domain sW¶ over a number of randomly distributed nodes ξ [={ },,...,, 21 Kξξξ  ),,( 21 kkk xx=ξ  
Kk 1,2,..., = ], the approximation of function w, which could be the displacement, material 
properties et al, at the point x can be expressed as  
bxPaxRxξxx )()()()()(
11
+=+=
åå
==
T
t
tt
K
k
kk bPa,Rw            (1) 
where { })(),...,(),()( 21 ξxξxξxxR ,R,R,R K=  is the set of radial basis functions centred around the 
point x [ ),( 21 xx= ], { }
K
kk
a
1=
 are the unknown coefficients to be determined. The radial basis 
function selected multi-quadrics [20, 22] as 
2
22
2
11
2 )()()( kkkk xx,R xxl -+-+=ξx              (2) 
where l  is a free parameter. Along with the constraints 
TtaP
K
k
kkt ££=å
=
1,0)(
1
ξ                  (3) 
where { }
T
tt
P
1=
 is a basis for 1-TP , the set of d-variate polynomials of degree 1-£ T . In this paper, 
the following polynomials are considered (T = 6) 
{ }
2
221
2
121 ,,,,,1 xxxxxx=P                   (4) 
 A set of linear equations can be written, in the matrix form, as 
0aPw,bPaR ==+ 000                  (5) 
where Ki
iw 1}{ ==w  indicates the vector of nodal value and matrix 
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Solving these equations in (5) gives 
( ) ( )[ ]
1
00
1
0
1
000
1
0
1
00
1
0
1
00
-
-
---
-
-
-==
==
RPPRPPIRα,RPPRPβ
αwaβw,b
TTTT
       (8) 
where I denotes the diagonal unit matrix. Substituting the coefficients a and b into (1), we can 
obtain the approximation of the field function in terms of the nodal values 
βxPαxRxΦwxΦx )()()(   ,)()( +==w .              (9) 
in which )],...,,([ )( 21 Kjjj=xΦ  is defined as shape function, matrix )(xR  and )(xP  are 
scale )1( K´  and )61( ´ matrix respectively. It is worth noting that the shape function depends 
uniquely on the distribution of scattered nodes within the support domain and it has the 
Kronecker Delta property. To evaluate the partial derivative of shape function, from (2), (4) and 
(9), we have 
βxPαxRx )()()(Φ ,, kk,k +=                  (10) 
 
and 
{ }
{ }212,
211,
2
2
,
2 , ,0 ,1 ,0 ,0
0 , ,2 ,0 ,1 ,0
)(
xx
xx
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                  (11) 
 
For the second order derivative of shape function, we have simply 
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βxPαxRx )()()(Φ ,, klkl,kl +=                     (12) 
 
where 
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22,
12,
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                   (13) 
3. Hencky’s deformation theory for two dimensional problem 
Consider a 2D solid with a domain
W
, the equilibrium equations are 
2 ,1         ,0, ==+ ibijijs                        (14) 
where ib  is body force. The strain is defined as  
)(
2
1
,, ijjiij uu +=e                              (15) 
Based on Hencky’s total deformation theory, stress-strain relationships can be written as follows: 
pe
ijijij eee +=                      (16) 
where 
e
ije  is elastic strain and 
p
ije  plastic strain. They can be represented by    
ijijkkijij S
GEE 2
11e
=-
+
= ds
n
s
n
e                       (17) 
where ijd is the Kronecker delta, E and G are Young’s and shear modulus and n Poisson’s ratio. 
ijS is deviatoric stress tensor. The plastic strain tensor is given by Hencky’s theory [23] as 
ijij S
G2
p y
e =                           (18) 
where 
y
 is a scalar valued function. Considering von Mises yield criteria, we have  
eq
p
eq
3
s
e
y G=                         (19a) 
where 
p
eqe and eqs are the equivalent plastic strain and equivalent stress respectively. The 
relationship between equivalent stress, equivalent strain and equivalent plastic strain can be 
obtained by experimental data. They are defined as the following  
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and 
ppp
eq
3
2
ijijeee =                              (19c) 
Substituting (17) and (18) in (16) gives  
ijkkijij
GEGE
ds
yn
s
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e
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ø
ö
ç
è
æ
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ø
ö
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è
æ
+
+
=
62
1
              (20) 
The scalar valued function 
y
 is involved with the material properties, final equivalent total 
plastic strain and equivalent stress. Comparing (20) and (17), the effective values of Young’s 
modulus and Poisson ratio defined as 
÷
ø
ö
ç
è
æ
+=
+=
GE
E
GEE
6
3
11
effeff
eff
yn
n
y
                   (21) 
The projection method was proposed by Desikan and Sethuraman [19] to solve the nonlinear 
equations in (20). The relation between the equivalent stress and equivalent strain in Figure 2(b) 
can be obtained from experimental uniaxial curve in Figure 2(a). From the above equations in 
(21), we can determine the scalar valued function, in terms of effective shear modulus, simply as 
 1
eff
-=
G
G
y                      (22) 
where 
)1(2 eff
eff
eff
n+
=
E
G . As the solutions of elastoplasticity are independent of the parth of 
loading using Henky’s theory, we assume that the relationship beteewn stress and strain is linear 
as shown in Figure 2(b) and have effective shear modulus as 
 
eq
eq
eff
3e
s
=G                      (23) 
then  
 1
3
eq
eq
-=
s
e
y
G
.                    (24) 
After that, all effective material parameters can be obtained. It is known that the effective 
material parameters are functions of the final state of stress field, i.e. effeff , EG and effn can be 
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considered as field variables. Therefore, the stresses can be written, for two-dimensional 
isotropic elasticity, as 
1212
2222111222
2212111111
es
ees
ees
S
DD
DD
=
+=
+=
                  (25) 
where  
)1(
)(
)1(
)()(
2
eff
effeff
12
2
eff
eff
2211
n
n
n
-
=
-
==
E
D
E
DD
x
xx
                 (26) 
for plane-stress elasto-plasticity and 
)21)(1(
)(
)21)(1(
)1(
)()(
effeff
effeff
12
effeff
effeff
2211
nn
n
nn
n
-+
=
-+
-
==
E
D
E
DD
x
xx
              (27) 
for plane-strain elasto-plasticity, where x indicate the coordinate of domain point. For both cases, 
the effective shear modulus is 
)1(2
)(
eff
eff
eff
n+
==
E
GS x                   (28) 
Substituting (25) in (14), we have two differential equations that form the equilibrium equations  
( )
( ) 0
0
21,21,2,22,2211,222,2221,12,2,11,1212,112
11,22,2,21,1212,1122,12,1,11,1122,111,111
=++++++++
=++++++++
buSuDSuuDuSuDuSD
buSuDuSDuCuDSuuD
    (29) 
Considering the boundary conditions, we have displacements 
uii xxuxu GÎ= for)()(  
and tractions 
s
s GÎ= xxtn ijij for)(   
where n  denotes the unit normal outward to the boundary 
s
G , )(and)( xtxu ii  represent the 
displacement and traction values on the boundary. For the general partial differential equations, 
we have 
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where lili FL and  are differential operator and operator imposed as boundary conditions such as 
the relationship between stress and displacement for the elasticity. Note that, for approximation 
of the trial function by radial basis function lk
kj
k df =),( xy . Thus the collocation method can be 
carried out by solving a set of linear equations in (30). The total number of nodal values klu in the 
system is )(2
s
GGW
++ NNN
u
 for two dimensions and therefore, the components of displacement 
and stress can be obtained for the field point in an iterative manner.   
4. Hencky’s deformation theory for plate bending 
Consider a moderate thick plate of uniform thickness h as shown in Figure 3 and let 1w , 2w  
be rotations around x and y axes and 3w  the out-of-plane deflection respectively. Gorverning 
equations for Reissner plate bending problem can be written as  
0
0
,
,
=+
=-
qQ
QM
ii
ijij
                     (31) 
The curvatures are defined as  
)(
2
1
,, ijjiij ww +=c                              (32) 
Since the bending normal stresses are maximum at the extreme fibers where the shear stresses 
13s  and 23s  are zero and the maximum shear stresses are obtained at the mid-plane where the 
normal stresses are zero, the effect of these shear stresses is ignored on the plastic behavior [23].  
Based on Hencky’s total deformation theory for the two dimensional plasticity probelm, the 
curvature can be written as follows: 
pe
ijijij ccc +=                      (33)
 
where 
e
ijc  is elastic strain and 
p
ijc  plastic strain. The relationship between moments and 
curvatures are     
ijkkijij M
E
M
E
h
d
nn
c -
+
=
)1(
12
e
3
                      (34) 
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From analysis for two dimensional elastoplasticity, the plastic curvature tensor can be introduced 
by Hencky’s theory as 
ijij S
G
h
'
2
'
12
p
3
y
c =                          (35) 
where 'y  is a dimensionless scalar valued function and ijS ' is a deviatoric moment tensor.for 
the plate bending. Substituting (34) and (35) in (33) gives  
ijkkijij M
GE
M
GE
h
d
ynyn
c
÷
ø
ö
ç
è
æ
+-
÷
ø
ö
ç
è
æ
+
+
=
6
'
2
'1
12
3
            (36) 
Comparing (36) and (34), the effective values of Young’s modulus and Poisson ratio for plate 
bending problems are of the same forms as two elastoplasticity and obtained as 
÷
ø
ö
ç
è
æ
+=
+=
GE
E
GEE
6
'
''
3
'1
'
1
effeff
eff
yn
n
y
                  (37) 
From the above equations in (37), we can determine the dimensionless scalar valued function, in 
terms of effective shear modulus as two-dimensional problems, simply as 
 1
'
'
eff
-=
G
G
y                      (38) 
The relation between the equivalent moment and equivalent curvature in Figure 4(b) can be 
obtained from experimental uniaxial curve in Figure 4(a). They are defined, by ignoring the 
effect of shear stresses 13s  and 23s , as  
( )
( ) ( ) ( )
2
12
2
1133
2
3322
2
2211eq
2
12
2
33
2
22
2
2211eq
2
3
3
2
 
  6
2
1
 
cccccccc +-+-+-=
+++-= MMMMMM
            (39) 
where ( ) )1/(221133 nccnc -+-=  in the plane stress case. For the experimental curve, the 
analytical solution for an elastoplastic beam under moment M  should be introduced for the plate 
bending. Considering pure bending case (one dimension), the relationship between M  and 
curvature c  can be obtained  
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for perfact elasto-plasticity and 
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for work hardening material, where EhhM /2,6/ 00
2
00 scs == , TE  is tangent Young's 
modulus and 0s  is yield stress [23]. For each point, the relationship between the components of 
moment and rotations are linear as shown in Figure 4(b), where 05.1 MMT = . Then, similar to 
two-dimensional problems in Section 4, the effective shear modulus for plate bending is defined 
as 
 
12/
'3
3
eq
eq
eff
h
M
G
c
=
                   (42) 
then  
 1
4
'
eq
3
eq
-=
M
hGc
y .                    (43) 
Therefore all effective material parameters have been obtained. It is known that the effective 
material parameters are functions of the final state of stress field, i.e. eff'E and eff'n can be 
considered as constants for each iternation. Substituting (37) in the moment and force resultants 
(36) gives 
2,2111,11222
2,2121,11111
''
''
wDwDM
wDwDM
+=
+=
   
)(' 1,22,112 wwSM +=                    (44) 
)('
)('
2,322
1,311
wwCQ
wwCQ
+=
+=
                    
in which ijD' , 'S  and 'C  are material parameters which are functions of coordinates 1x  and 2x . 
As far as the isotropic material is concerned, one has 
hGC
hG
S
hE
D
hE
D
e
e
eff
3
eff
2
ff
3
effff
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eff
3
eff
11 ')('  ,
12
'
)(',
)'1(12
''
)('  ,
)'1(12
'
)(' k
n
n
n
==
-
=
-
= xxxx    (45) 
where 6/5=k  for the Reissner plate theory and x indicates the coordinate of domain point. 
Substituting (44) in (31) gives the equilibrium equations as 
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0)(')(')(''''' 1,311,22,12,12,222,12,22,1212,2121,11,1111,111 =+-+++++++ wwCwwSwwSwDwDwDwD
0)(')(')(''''' 2,321,22,11,11,212,12,22,2222,2221,12,2112,121 =+-+++++++ wwCwwSwwSwDwDwDwD
0)(')(')(')(' 2,322,22,32,21,311,11,31,1 =++++++++ qwwCwwCwwCwwC  
                         (46) 
For a rectangure plate, the edge boundary conditions can be classified into the following three 
kinds 
(1) Simply supported 
byywwM
axxwwM
=====
=====
  and  0on     0
 and  0on     0
3122
3211
             (47) 
(2) Clamped edge 
byywww
axxwww
=====
=====
  and  0on     0
 and  0on     0
321
321
              (48) 
(3) Free edge 
byyQMM
axxQMM
=====
=====
  and  0on     0
 and  0on     0
21222
11211
             (49) 
Thus the collocation method can be used to solve a set of linear equations in the same way as 
two dimensional problems in Section 4. In this case, the total number of nodal values klw  
(where )3,2,1=l  in the system is )(3
s
GGW
++ NNN
u
 for plate bending and therefore, the 
rotations and deflection, deflection and bending moments can be obtained for the field point in 
an iterative manner.   
5. Numerical schemes for nonlinear equation systems 
The coefficients ijD  and effG need to be determined firstly at each collocation point in the 
domain. The projection method is demonstrated in Figures 2(b) and 4(b). At the first step, a 
linear elastic analysis is carried out and the state of collocation is obtained (point A) in the plane 
of equivalent stress and equivalent strain. The slope of elasticity is G3 . This point has crossed the 
yield stress of the experimental uniaxial curve (point B).  Therefore, the effective value of shear 
modulus is evaluated, as shown in Figures 2(b) and 4(b). Then the effective Young’s modulus 
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and Poisson ratio are obtained for the next iteration. This procedure is performed for each 
collocation points. With this new set of effective material parameters, the next linear elastic 
analysis is carried out. This interactive process is repeated (points C and D) until all the effective 
material parameters converge and equivalent stress falls on the experimental uniaxial stress-
strain curve. The flowchart of the pseudo-plastic two dimensional problems by meshless point 
collocation method can be presented as:   
 
Step 1: Let 0=n , linear analysis with external forces, applied boundary condition and initiation 
for elastic material parameters: GGEE === )0(eff
)0(
eff
)0(
eff ,, nn  and coefficients ijD  and C ; 
Step 2: Evaluate the first derivate for the coefficients ijD  and C  using radial basis function; 
Step 3: Solve linear system equation and compute stresses, strains, equivalent stress eqs  and 
equivalent strain eqe  for each collocation points; 
Step 4: Let 1+= nn , observing each collocation point, if 0eq )( ss >x  (von Mises yielded 
critirian), determine the equivalent Young’s modulus and Poisson ratio at each collocation point 
as follows. Firstly, the effective shear modulus for the perfectly elastic plastic materials needs to 
be calculated by 
eq
0)(
eff
3e
s
=
nG                        (50) 
for two-dimensional and 
ú
ú
û
ù
ê
ê
ë
é
÷
÷
ø
ö
ç
ç
è
æ
-=
2
eq
0
3
eq
0)(
eff
2
1
2
34
'
c
c
c h
M
G n                   (51) 
for plate bending. For work hardening materials 
÷
÷
ø
ö
ç
ç
è
æ
-+=
E
E
E
GE
G T
Tn 0eq
0
eq
)(
eff
3
3
1 se
s
e
                (52) 
for two-dimensional case and 
ú
ú
û
ù
ê
ê
ë
é
÷
÷
ø
ö
ç
ç
è
æ
-
÷
ø
ö
ç
è
æ
-+=
2
eq
0
0
eq
3
eq
0)(
eff 31
2
14
'
c
c
c
c
c
E
E
E
E
h
M
G T
Tn
             (53) 
for plate bending. Then determinations of the scalar valued function  
1
)(
eff
)(
-=
n
n
G
G
y .                     (54) 
The effective Young’s modulus 
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÷
÷
ø
ö
ç
ç
è
æ
+=
GE
E
n
n
3
1
1
)(
)(
eff
y
                    (55) 
and effective Poisson ratio 
÷
÷
ø
ö
ç
ç
è
æ
+
÷
÷
ø
ö
ç
ç
è
æ
+=
GEGE
nn
n
3
1
6
)()(
)(
eff
yyn
n                  (56) 
for both two-dimensional and plate bending problems;  
Step 5: Determine the first derivative of material coefficients ijD  and C (for plane-stress or plane-
strain problems respectively) by radial basis function interpolation in local domain; 
Step 6: Calculate the relative errors for total N yielded collocation points  
If h<
-
å
=
-
N
i
i
n
i
n
E
EE
N 1
)1(
eff
)(
eff )()(1 xx
 next step, otherwise go to Step 2;  
Step 7: End iteration and output the results; 
Step 8: Stop. 
6. Numerical examples 
In this section, the applications of meshless approach for two-dimensional and plate bending 
pseudo-plasticity are demonstrated. The nodes can be arbitrary or uniformly distributed in the 
domain. Free parameter in the radial basis function D=l , where D  indicates the minimum 
distance between the nodes in the local integral domain. The support domain is selected as a 
circle of radius 0r  centred at field point x, which is determined such that the minimum number of 
nodes in the support domain 0KK ³ , here the number 0K  is selected to be 12 for all examples. 
In general cases, the selections of these two free parameters in the radial basis function, i.e. l  
and 0K , have significant effect on the numerical accuracy. The optimized selection should be 
]10 ,01.0[ DDÎl  and 168 0 << K . Comparisons have been made with analytical solution and 
finite element method. The parameter for termination of iteration h  is chosen as 310-  and 
510- for two-dimensional and plate bending respectively. 
6.1 Thick pressurized cylinder 
Thick-walled cylinders may be employed safely even when an internal pressure induces a 
partially plastic state within its wall. This pressure is intermediate to those pressures associated 
with full elasticity and full plasticity. Consider a thick pressurised cylinder of inner radius 
1.0=ar m and outer radius 2.0=br m, as shown in Figure 5(a) under internal pressure p . Due to 
 1 
 2 
 3 
 4 
 5 
 6 
 7 
 8 
 9 
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
 Effective Shear Modulus Approach by Meshless Point Collocation Method                                                                                       Tu, Gu and Wen 
 - 14 - 
the symmetry of the problem, only one quarter is modelled. The distributions of collocation point 
and boundary points are shown in Figure 5(b). There are 978 collocation points in this modelling. 
The constitutive model is considered as elastic-perfectly plastic. The material data are: Young’s 
modulus 210=E GPa, Poisson ratio 3.0=n , yield stress 2400 =s MPa and non-hardening 
material is considered i.e. 0=TE . In addition, Plane-strain condition and von Mises yield 
critirian are selected. The internal pressure is chosen as 180=p MPa.  
 Numerical results for the stress distribution )0,( 122 xs along the radial axis are presented in 
Figures 6 for different iteration number and compared with analytical solution by Prager and 
Hodge [24]. In addition, the variation of inner radial displacement vs the inner pressure is shown 
in Figure 7. The effective Young’s modulus and effective Poisson ratio at radial direction are 
plotted in Figure 8.  
To study the convergence of the method, two regular node distributions with 961 and 1244 
nodes were used for the RBF approximation of quantities. We found that there is very slight 
difference between these results of stresses and displacements with two different number of node. 
Apparently a good agreement with analytical solution has been achieved. Furthermore, unlike the 
boundary element method, we do not need to consider the position of the elastic-plastic boundary 
anymore using the meshless point collocation method, because the material properties are treated 
as continuous variables in the domain. Compared with FEM, one of advantages of meshless 
method proposed in this paper is mesh free. There are only randomly distributed points to be 
considered both in the domain and on the boundary. Secondly, the shape function for 
interpolation of higher order derivative is much accurate than that by “element” in FEM. Lastly, 
the collocation method is the simplest method in the group of mesh free technique. All system 
equations are generated from the equilibrium equations and elasto-plastic law. However, the 
computation effort by the meshless method is much larger than that by using FEM because for 
each iteration the matrix of system equation and the shape functions for each collocation point 
should be recalculated.       
6.2 Perforated plate with circular hole 
The second example analysed by the meshless point collocation method is the plane stress 
problem of a perforated steel plate under uniform tension. Its geometry and upper right quadrant 
are shown in Figure 9(a) and 9(b). Here 2644 nodes are used in this example. Same as example 
5.1, the von Mises yield criterion is adopted. The work hardening material considered has the 
following properties [25]: Young’s modulus 2kgf/mm 7000=E , Poisson ratio 2.0=n , yield 
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stress 20 kgf/mm 3.24=s and Tangent modulus 
2kgf/mm 217=TE . Applied load is taken to 
2kgf/mm 5.11=s . 
 Numerical results for the stress distribution )0,( 122 xs on net section of plate are presented in 
Figure 10 with different iterative steps and comparison with FEM (ABAQUS) has been made. 
Results obtained by the meshless method for displacements at the middle point A on the top 
surface are plotted in Figure 11 for different applied load. In addition, the contours of von Mises 
stress in the domain by FEM and meshless method are shown in Figure 12(a) and 12(b) 
respectively. Excellent agreement has been achieved. In addition, the variation of the effective 
Young’s modulus in the field is shown in Figure 13. 
6.3 Simply supported rectangular plate 
The last example analysed by the meshless point collocation method is a square plate of 
width m 1=a and thickness m 1.0=h  with simply supported edges. Material constants: Young’s 
modulus 200=E GPa, Poisson ratio 3.0=n , the tangent Young’s modulus 50=TE GPa and the 
initial yield stress 3000 =s MPa. Same problem was analysed using the meshless local Petrov–
Galerkin method by Xia et al [26]. In computation procedure, a regular distribution of 441 (21
) nodes are used. The variations of the deflection along the symmetric line )2/( 2 ax =  for 
15=q MPa with work hardening materials are plotted in Figure 14 for different iteration steps. 
The results of FEM (ABAQUS) are also presented for comparison. It is clear that the accurate 
and convergent solution can be obtained with even small number of iteration. The variations of 
deflection at the plate center )2/,2/( aa  against the applied pressure load q are shown in Figure 
15 for both materials. Apparently these results are in a good agreement with those obtained by 
FEM (ABAQUS). 
7. Conclusions 
The main goal of this work is to present a meshless point collocation method (strong-form of 
equilibrium equation) for two-dimensional elasto-plastic analysis including plate bending. 
Hencky’s total deformation theory and von Mises criteria were used in the numerical simulation. 
Effective shear modulus approach was proposed in an iterative manner based on the strain 
controlled projection technique and interpolation method with radial basis function. Three 
examples were presented to demonstrate the effectiveness and accuracy. The following 
conclusions can be drawn from the present study: (1) the meshless method is efficient to elasto-
plastic problems including plate bending in solid mechanics; (2) The proposed method is an 
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alternative to existing computational methods such as the finite element method and boundary 
element method. Its main advantage is its simplicity; (3) The meshless method is a flexible and 
simple method and is suitable for certain complicated nonlinear differential equations such as 
elasto-plastic anisotropies and functionally graded materials; (4) The point collocation method 
can be applied to the for elasto-plasticity with flow theory easily; (5) The disadvantages of 
meshless method are also evident, for example more collocation points are needed for accurate 
solution and it is also a issue for stability of the selection for the free parameters in the radial 
basis function.   
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Legends 
Figure 1. Arbitrary distributed nodes and support domain of x. 
Figure 2. Experimental uniaxial curve and projection method to determine effective shear 
modulus eqG : (a) experimental uniaxial curve s ~e ; (b) relation eqs ~ eqe . 
Figure 3. A rectangular plate and coordinate system and sign convention of bending moments 
and shear forces for the plate on neutral plane. 
Figure 4. Experimental uniaxial curve and projection method to determine effective shear 
modulus eff'G : (a) experimental uniaxial curve M ~ c ; (b) relation eqM ~ eqc . 
Figure 5. Thick cylinder with inner pressure and distribution of collocation points. (a) Geometry; 
(b) collocation points in the domain and on the boundary. 
Figure 6. Stress 22s  at the 1x  axis with different iteration number. 
Figure 7. The radial displacement at inner surface vs applied pressure p. 
Figure 8. Distributions of the effective Young’s modulus and Poisson ratio. 
Figure 9. Plate problem geometry and node cloud: (a) geometry; (b) collocation points in the 
domain and on the boundary. 
Figure 10. Stress 22s  at the 1x  axis with different iteration number. 
Figure 11 The vertical displacement on top surface (A) vs applied pressure σ. 
Figure 12. Contours of the von Mises stress in the field: (a) FEM results by ABAQUS; (b) 
Meshless PCM. 
Figure 13. Contours of effective Young’s modulus in plastic zone. 
Figure14. Deflection on symmetric line for hardening material when pressure load 15=q Mpa. 
Figure15. Variation of delection at the centre of plate vs the pressure load. (P): perfect plastcity; 
(H): hardening material. 
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Figure 1. Arbitrary distributed nodes and support domain of x. 
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Figure 2. Experimental uniaxial curve and projection method to determine effective shear 
modulus effG : (a) experimental uniaxial curve s ~e ; (b) relation eqs ~ eqe . 
s  
e  
0s
 
E  
eqs  
eqe  
A 
B 
0s  
C 
D 
G3  
eff3G  
(a)                                                                   (b) 
flow theory 
 
deformation theory 
 Effective Shear Modulus Approach by Meshless Point Collocation Method                                                                                       Tu, Gu and Wen 
 - 3 - 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
3x  
),( 21 xxq  
a 
b 
h 
Figure 3. A rectangular plate and coordinate system and sign convention of bending moments 
and shear forces for the plate on neutral plane. 
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Figure 4. Experimental uniaxial curve and projection method to determine effective shear 
modulus eff'G : (a) experimental uniaxial curve M ~ c ; (b) relation eqM ~ eqc . 
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Figure 5. Thick cylinder with inner pressure and distribution of collocation points. 
(a) Geometry; (b) collocation points in the domain and on the boundary. 
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Figure 10. Stress 22s  at the 1x  axis with different iteration number. 
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Figure 12. Contours of the von Mises stress in the field: (a) FEM results by 
ABAQUS; (b) Meshless PCM. 
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Figure 13. Contours of effective Young’s modulus in plastic zone. 
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Figure14. Deflection on symmetric line for hardening material when pressure load 15=q Mpa. 
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Figure15. Variation of delection at the centre of plate vs the pressure load. (P): perfect 
plastcity; (H): hardening material.  
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